of the described decomposition an abelian group structure. Then we are concerned with the method of building SIE-groupoids from a family of abelian groups indexed by a set with a left zero band structure. The syntactical approach used for the structure theorem for these groupoids will be then a starting point for description of all subdirectly irreducible SIE-groupoids in each nontrivial subvariety of SIE in a next paper.
In the first section we recall the basic notations and properties of SIEgroupoids. For more detailed information and for proofs of results we refer the reader to [Rl] and [R2] , Some technical lemmas are presented in Section 2. The Decomposition Theorem is proved in Section 3. The congruence relation decomposing an SIE-groupoid into classes forming abelian groups is given in this section as well. To examine such decompositions further one needs to know more about the way in which abelian groups are put together. This is the concern of Section 4. In this Section an explicit method for constructing SIE-groupoids from abelian groups is given. This is done by means of a special construction called the AG-sum. In the last section the free SIE-groupoids in subvarieties of the variety of all SIE-groupoids are described as AG-sums.
Preliminaries
In this section we review without proofs some results concerning SIEgroupoids. For the proofs we refer the reader to [Rl] and [R2] . We use the following convention: The product (1.1) is called left associated.
As was shown in [Rl] , each SIE-groupoid satisfies the following identities:
(N) x -yz = xzyz, (A) xyzt = xtzy.
By (N) each SIE-groupoid word can be represented in a left associated form.
The following, basic example of SIE-groupoids was given in [Rl] .
1.2. EXAMPLE. Let (G, +, 0) be an abelian group. We define a binary operation • on the set G by x • y := 2y -x. Then (G, •) is an SIE-groupoid.
xy • zt := (x • y) • (z • t).
(P a ) xy • x = x • yx (Partial associative law)
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We denote this groupoid by Core (G,+) . (See [B] , where Cores for Moufangs loops were defined.)
The variety of all SIE-groupoids is denoted by SIE. Let Z denote the set of integers, and let Qn C Z n be the subset of Z n consisting of all sequences (li,..., ln) € Z n such that at most one entry li is an odd natural number. It is obvious that (Qn, •) is a subgroupoid of Core(Z n , +). Moreover, as was shown by Joyce [J] , the SIE-groupoid (Qn, •) is isomorphic to the free SIEgroupoid Fsie(£o, • • •,%n) on the generators XQ,XI, ... ,xn. The free SIEgroupoid on two generators x, y is isomorphic to the groupoid Core(Z, +).
For more detailed information concerning free SIE-groupoids we refer the reader to [Rl] , [R2] , [J] , [LM] . In [LM] , the authors considered an infinite sequence of words k Ui-2 (x,y) = Ui (x,y)uJi-i{x,y) for i < 1.
It was proved in [LM] that the words Ui(x, y), where i is an arbitrary integer, give a standard form for words in FSIE(X, y).
The following propositions were proved in [Rl] , [R2] and [LM] .
PROPOSITION.
The following identities are satisfied in the variety SIE for all integers k,r,l:
(1-8) ^k (^i(x,y),u r (x,y) )^u> kr+{1 _ k)l (x,y) . m 1.9. PROPOSITION. If the identity U) n {x,y) = UQ(x,y) holds in a variety of SIE-groupoids, then the identity uj n+ i (x,y) = u>i(x,y) 
holds as well. •
In what follows we abbreviate u>i(x,y) to u>i if no confusion can arise. The following claims, which are easily established using Propositions 1.4 and 1.9, are to be used several times.
1.10. COROLLARY. [R2] For all integers r and k the following identities hold in SIE: [LM] Suppose that the identity un = luo holds in a variety of SIE-groupoids. Then for each integer k, the identity Ukn = ^o a/so holds.
• Let N = (N, <) denote the lattice of all natural numbers with respect to the partial order < defined by k < n iff k divides n. We will denote by N + the lattice (N U {oo}, <#) in which the element oo is greater than all elements of N. As was proved in [Rl] , the lattice L(SIE) of all subvarieties of the variety SIE of all SIE-groupoids is isomorphic to the lattice of N + . The variety corresponding to oo is SIE. The variety corresponding to a natural number n is just the variety of SIE-groupoids defined by identity ion(x, y) = x. We will denote this variety by Vn.
It was proved in [R2] that if n > 1 is an odd natural number, then each SIE-groupoid in Vn is polynomially equivalent to an abelian group satisfying the identity nx = 0. Moreover, every groupoid (G, •) from Vn is a quasigroup, and is equal to the groupoid Core(G, +) for some abelian group (G, +) satisfying the identity nx = 0. Those subvarieties of the variety SIE which contain some quasigroups are described in [R2] as well. It was proved there that the varieties Vi* and Vn for s > 0 and an odd natural number n > 1, axe independent (see [GLP] ). Hence their join V2* V Vn = V2«n is equal to the direct product V2» x Vn = V^n-
Some technical lemmas
A standard form of words in the free SIE-groupoid Fsie(^O) • • •, xn) on n +1 generators was described in [Rl] 
is satisfied in a variety of SIE-groupoids. Moreover, it is obvious that the identity (2.3) w(ri,..., r n ; xo, xi,..., x n ) = u>(ri,..., r n , 0; x 0 , Xi,...,
is satisfied in SIE for arbitrary (ri,... , r") 6 Q n -(See [Rl] ) The following proposition was also proved in [Rl] . Proof. By Definition (2.1) and (2.2), it is sufficient to prove (2.7) in the case that i = 1 and that all kj for j = 2,..., n are even. The proof of this is by induction on n, the case n = 1 just being (1.5). First, it should be shown that (2.7) holds for n = 2 and fci = 0. In this case the identity (2.7) has the following form (2.8) u;(0, k 2 ; x 0 , xi, X2) = w(l -k 2 , k2\x\,xo, x 2 ).
PROPOSITION. In the free SIE-groupoid
The identity (2.8) holds in SIE for every integer k 2 . The easy proof of this, by induction on k 2 using (1.3), (2.3) and (2.5), will be omitted.
B. Roszkowska-Lech
Assuming (2.7) to hold for n, we shall prove it for n + 1. Let (klt..., kn,
2kn+i)
be in Qn+1-Prom (2.1), (2.3) and (2.5) we deduce that which ends the proof.
•
Decomposition of SIE-groupoids into unions of orbits
In this section we describe how an SIE-groupoid breaks up into smaller pieces that are indexed by a left zero band i.e. a semigroup satisfying the identity xy = x. Moreover, on each such piece an abelian group structure is defined. Let (G, •) be an SIE-groupoid. Let us define a relation ir on the set G as follows: It is easy to check that it is an equivalence relation. Moreover, the following lemma is true. Proof. If an element g from the set G has the required form, then by Definition (2.1),
so that g belongs to Gi0. Now let g G Gi0. It means that g = gi0a\... ap for some oi,...,ap G G. Since (2.1) describes a standard form of elements in the free SIE-groupoid, there exists a finite subset {¿i,..., ifc} of I such that ai = u(ritl,... ,riX,gio,gh,... ,gik) Proof. This follows, by easy computation, from the axioms of SIE-groupoids and (2.5). 
. ,g ik ).
By Lemma 3.6, 
Since gi = u>(0,..., 0; gi, g^,..., gi k ), the relation (3.5) yields a + gi = a. Thus the element gi plays the role of the identity element in (Gi, +). Moreover, if we put
is obvious that (Gi, •) = Core(Gi, +). • The groupoid Core(G, +) and the abelian group (G, +) are closely related. By induction it is easy to prove that the identity u>k(x,y) = ky -(k -l)x is satisfied in every groupoid
Core(G, +), for each natural number k (see [R2] ). Therefore, if Gi is an orbit in an SIE-groupoid (G, •), then the identity (3.12) u>k(gi,y) = ky holds in the groupoid Core(Gi,+), for an each natural number k. Recall that each (G, •) in V n for an odd natural number n > 1 is a quasigroup [R2] , So for arbitrary elements a, b in G there exists an element c in G such that a = be. This means that the congruence 7r is trivial on (G, •) and "decomposes" (G, •) into just one class consisting of all elements of G. The groupoid (G, •) is equal to Core (G,+) and the group (G, +) satisfies the identity nx = 0 (see [R2] ). More generally, one obtains the following: Proof. Since (G, •) is not in V^-i*;, there are elements So,Si in G such that u 2 a~1 k(9o,9i) / So-We will prove that the orbits Go and G\ are disjoint. Let us suppose the contrary. Then si 6 Go-There is Q := {si \ i G I}, a set of generators of the SIE-groupoid (G, •) such that so, Si G Q-By Lemma 3.4 Si = w(2n,. •., 2 r n -,gi,g h ,...,g in ) for some integers r x ,..., r n and some ¿1,..., i n from I. Hence
From (1.16) it follows that
On the other hand, one may deduce using (2.1), (1.16), (1.15), (1.12) and Corollary 1.17 that i (so,^fc(5o,w(2n,... ,2r n ;gi,g h ,.. .,g in It is easy to check that the groupoid (G, •) belongs to the variety Vs-The congruence relation n decomposes (G, •) into two orbits: G a = {a,b,c,d} and G e = {e,/}. Moreover, the group (G a , +, a) is isomorphic to Z4, the cyclic group of order 4 and the group (G e ,+,e) is isomorphic to Z2, the cyclic group of order 2. Consequently, the groupoid (G a , •) is isomorphic to the groupoid Core(Z4, +) and belongs to V4. Likewise, the groupoid (G e , •) is isomorphic to the groupoid Core(Z2,+) and belongs to V2, which is the variety LZ of left zero bands.
The structure theorem
In this section we will show that every SIE-groupoid (G, •) may be represented by means of a certain construction from reducts of abelian groups and left zero band.
4.1. DEFINITION. Let I be a nonempty set. For each i in I let an abelian group (G{,+,gi) be given. For each pair (i,j) in I 2 let h* : Gi -> Gj be a mapping satisfying
We can define a groupoid structure on the disjoint union G of Gi, i G I, by 
is a homomorphism. The groupoid (G, •) is said to be the sum, of the abelian groups (Gi,+,gi) over the left zero semigroup (I,-) by the mappings h % j, or more briefly the AG-sum of the (Gi,+,gi) .
THEOREM. A groupoid (G, •) is an SIE-groupoid if and only if it is a sum of abelian groups (Gi, +, gi) over a left-zero band (I, •) by some mappings h X j.
Proof. /=>/ Let us suppose that a set {gi | i G J} generates an SIEgroupoid (G, •). Then there is a subset I of J such that G is the disjoint sum of orbits Gi, where i G I. Theorem 3.10 shows that on each orbit Gi we have an abelian group structure (Gi,+,gi) defined by (3.5). Moreover (Gi,-) = Core(Gi, +). Let us define the mappings Kj : Gi -> Gj, for arbitrary i,j G I, as follows:
hj(a) := gja for a G Gi.
Then by (1.4) and (3.12), h\(a) = gia = uj2(gi,a) = 2a, which gives (i). In order to prove (ii), let a € Gi and b G Gj for some i,j G I. By Lemma 3.4, (2.2) and (2.3), a = u(2ri,... ,2rk;gi,gj,gn,gh, • • -,9i k -2 ) and b = u(2pi,..., 2pkj gj, gi, g n € J -{i,j, ra} and integers r\,..., rk,pi,..., pk • Then ^(-a + Äj(6)) = /by (4.4)/ (~a + giuj(2p1,...,2pk;gj,gi,gn,gi1,...,gik_2) 8ps,8p3,..., 8pk\gn, git gj.g^,..., ff¿fc_2) 3=1 k -a)^4ri,2-^4rs,...,4rfc;5n,5i,5i,ffil,...,5ifc_2) = /by (2.7)/ 3=1 ,2pk\gj,gi,gix,.. .,gik_x) . 
Kl

From (4.4) and (2.7) it follows that
holds for arbitrary i,jEl and a,b,c G Gi.
Proof. The proof follows easily by applying (3.4), the definitions of + and h), ((3.5) and (4.4)), and using (2.5), (2.7) and (3.11).
• Our next concern will be the structure of SIE-groupoids in the nontrivial subvarieties of the variety SIE. Before stating the result to be proved, let us note that the structure of SIE-groupoids in V^fc for an odd natural number k > 1, is especially simple, and was described in [R2] , SIE-groupoids in 14 are exactly the groupoids Core(G, +) for abelian groups (G, +) satisfying the identity kx = 0. The SIE-groupoids in V2where s > 0 and k > 1, are the direct products of groupoids from V2» and Vfe. Accordingly, we are left with the task of describing the structure of SIE-groupoids in V2». The following proposition yields information about SIE-groupoids which are AGsums of abelian groups satisfying certain identities. 4.7. PROPOSITION. Let an SIE-groupoid (G,-) be an AG-sum of abelian groups (Gi,+,gi) satisfying the identity nx = 0 for a natural number n. Then (G, •) is in the variety V2 n .
Proof. Prom (3.12), it follows that each SIE-groupoid (Gi, •) = Core (Gi, +) belongs to the variety V n . Let a,b G G. Since the elements a and ab are in the same orbit Gi, uj n (a,ab) = a. According to (1.16), we have u>2 n (a, b) = u n (a, ab) = a, which is just the statement of the proposition.
• Combining Proposition 4.7 with Corollary 3.13 we obtain the following theorem. (Gi,+,gi) , i G I, satisfying the identity nx = 0.
THEOREM. An SIE-groupoid (G, •) belongs to the variety Vm if and only if (G, •) is an AG-sum of abelian groups
Theorem 4.8 generalises the structure theorems for groupoids in V4 given in [PI] and [RR] .
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An application
The construction given in Theorem 4.8 enables us to describe the free SIE-groupoid F2 n {X) on the set X = {xi | i G 1} of free generators in the variety V 2 n-Note that in [R2] it was proved that if k is an odd natural number then in the variety Vk the free SIE-groupoid Fk(X) is isomorphic to the groupoid Core(FAk(X), +), where (FAk(X), +) denotes the free abelian group satisfying the identity kx = 0, generated by X -{xo} for arbitrary xo € X. From Lemma 3.4, (2.2) and (1.12) one can conclude that each element in the orbit F2 n (X)i of Xj in F2 n (X) is equal to xjuv^xi.xjjxi...XiLJr k (xi,x ik ) for ii,... ,ik E I and 0 < r\,... ,r k < n.
Each element of the free abelian group FA n (X) satisfying the identity nx = 0 and generated by X -{x} is equal to Vi, + ... + TkXi k for ii,..., ik € / -{¿} and 0 < n,..., r^ < n.
It is easy to see that the mapping / : F2 n (X)i -> FA n (X) defined by is a group isomorphism. Since for arbitrary generators X i y CC j 1X1 X one has u n (xi,xj) yi Xi, it may be proved in much the same way as Remark 3.14 that the orbits F2 n (X)i and F2 n (X)j are disjoint. Summing up, we have thus proved the following theorem.
5.1. THEOREM. Let n be a natural number. The free SIE-groupoid F2 n {X) on the set X in the variety V2" is the AG-sum of |X| copies of free abelian groups satisfying the identity nx -0 on -1 generators.
The Structure Theorem proved in this paper will be a starting point for describing all subdirectly irreducible SIE-groupoids in each nontrivial subvariety of the variety SIE.
